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ABSTRACT.

s a

The theory of m-th root Finsler metrics has been applied to Ecology, Biology, Seismic Ray Theory,
Gravitation, etc. It is regarded as a direct generalization of Riemannian metric in a sense, that is, the
second root metric is a Riemannian metric. On the other hand, the Riemannian curvature faithfully
reveals the local geometric properties of a Riemann-Finsler metric. In this paper, we will study the class
of quintic («, 8)-metrics. We show that 3-th root (a, 8)-metrics has a unbound Cartan torsion. Also, we
focus on the class of 3-th root (, 8)-metrics. We will study the bound Cartan torsion for a 3-th, 4-th
and 5-th root («, 8)-metrics.

1. INTRODUCTION

A deep consideration of the works which has done shows that all the results obtained for the bounded
Cartan torsion concepts are about a specific class of Finsler metrics, namely, the class of (a, 8)—metrics. An
(v, B)—metric is a Finsler metric on M defined by F := a¢(s), where s = §/a, ¢ = ¢(s) is a C> function
on (—bp,bp) with certain regularity, « is a Riemannian metric and 3 is a 1-form on M [1-3].

One can study the class of m—th root Finsler metrics in order to find bound Cartan torsion. The theory of
m~th root Finsler metric has been developed by Shimada and Matsumoto which is applied to biology as an
ecological metric [4, 5]. Let M be an n-dimensional C* manifold, TM its tangent bundle. If F = %/A be
a Finsler metric on M, where A = A(z,y) is given by A := a;, ;. (x)y1y ...y with a;, . ;, symmetric in
all its indices. Then, F' is called an m~th root Finsler metric (see [3, 57 7 7 ? ? —9]). Recall that Berwald-
Moér metric is the special m~th root Finsler metric with F = {/yly?...y™ [4, 10, 11]. Physical studies
due to Asanov, Pavlov and their co-workers showed the important role played by the Berwald-Modér metric
in the theory of space-time structure and gravitation as well as in unified gauge field theories [12—-14]. In
[15], Balan proved that the Berwald-Mo6r structures are pseudo-Finsler of Lorentz type and for co-isotropic
submanifolds of Berwald-Modér spaces presented the Gauss-Weingarten, Gauss-Codazzi, Peterson-Mainardi
and Ricci-Kiihne equations.

Among the class of m-th root Finsler metrics, 4-th root metrics have an important and special role in
Finsler geometry. In [16], Tayebi found the necessary and sufficient condition under which a generalized 4-th
root metric is of isotropic scalar curvature. He obtained the necessary and sufficient condition under which
the conformal change of a generalized 4-th root metric is of isotropic scalar curvature. Also, he showed that
every 4-th root metric of weakly isotropic flag curvature has vanishing scalar curvature. Tayebi gave the
necessary and sufficient condition under which the conformal change of a 4-th root metric is of isotropic scalar
curvature [17]. In [18], Tayebi considered an exponential change of 4-th root Finsler metrics F' = /¥ F and
found necessary and sufficient condition under which F be locally projectively flat [18]. Also, he obtained
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necessary and sufficient conditions under which F be locally dually flat. In [19], Tayebi-Amini-Najafi found
the necessary and sufficient condition under which a quartic (o, 8)-metric F = {/ciat + coa22 4 384 is
conformally Berwald, where ¢; (1 < i < 3) are real constants. They obtained the necessary and sufficient
condition under which a cubic (a, 8)-metric F' = {/c1a23 + 233 is conformally Berwald.

In this paper, we focus on the class of 3-th root («, 3)-metrics. We will study the bound Cartan torsion
for a 3-th, 4-th and 5-th root (o, 5)—metrics. Essentially we will prove:

Theorem 1.1. Let F = {/c1a283 + ¢33 be a 3-th root (o, §)-metric. Then F has unbounded Cartan torsion.

2. PRELIMINARIES

For a Finsler manifold (M, F), a global vector field G is induced by F' on T'Mq := T'M — {0}, which in a
standard coordinates (z’,y") for T'Mj is given by

.0 , 0
=y —2G (x,y)—
G y 81'7' G (:Uﬂ y) 8yz7
where
- 1 4 O*F? & OF?
b= _g" - T, M. 2.1
¢ 47 kaﬁyly o) Y€ (2.1)

G is called the spray associated to (M, F').

The function F' = ag(s) is a Finsler metric for any a = /a;;y’y7 and any 8 = by’ with ||8s|a < bo if
and only if ¢ is a positive C*° function on (—bg, by) satisfying the following condition:
B(s) — s¢'(s) + (b* — s2)¢"(s) >0,  |s| <b< by (2.2)
From (2.2), one can see that ¢ = ¢(s) must satisfy
é(s) — s¢'(s) > 0, Is| < bo.

For more details, see [20]. A Finsler metric F' on a manifold M is called an («, 8)—metric if it is expressed
as F'= ag¢(s) with ||Bz||a < bo, where ¢(s) is a positive C*° on (—byg, by) satisfying (2.2).

3. PROOF OoF THEOREM 1.1

Let F = a¢(s), s = 8/, be an («, f)—-metric, where ¢ = ¢(s) is a C* on (—bg, bg) with certain regularity,
a = \/a;j(z)y'y is a Riemannian metric and 8 = b;(z)y’ is a 1-form on a manifold M. Let G = G*(z,y)
and G°, = G (z,y) denote the coefficients of F' and «, respectively, in the same coordinate system. For
an (o, B)—metric, let us define b; by b ¢/ = db; — bjﬁg, where 6 := dx’ and 49{ = ngd:xk denote the
Levi-Civita connection form of . Let

i

rij = %(biu thji)s sig = %(biu = bjla),
rij = aisrsj, sij = aisssj, Qij = TisS%y,  tij = tikskj,
Ty = biTij, Sj = bisi]‘, Si = aiksk, qj ‘= biqij, tj = bitij,
where 7|7 denotes the covariant derivative with respect to the Levi-Civita connection of o and b' := a*b;,

a' is the inverse of a;j. We define 79 := Tijyj and rgp := rijyiyj, etc [21]. In order to prove Theorem 1.1,
first we show the following.
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Lemma 3.1. ([22])Let F = {/a;py’yiy* be a cubic Finsler metric on a manifold M of dimension dim
(M) >. If Fis a function of a non-degenerate quadratic form o = \/a;;y'y? and a 1-form 8 = b;(x)y" which
is homogeneous in o and B of degree one, then it is written in the following form

F = +/c1a?f + caf33
where ¢ and co are real constants.

In [23], Tayebi and Sadeghi proved that the norm of Cartan and mean Cartan torsion of («, 8)-metric on
manifold M of dimension n > 3 satisfy following relation

3p? + 6pg + (n + 1)g?
loi=y/ Y
n+1
where p = p(x,y) and ¢ = q(x,y) are scalar functions on T'M satisfying p + ¢ = 1 and assert by

p =" {s(08" + 9) — 09},
a !=¢(¢ — s¢'),
A _ B 2 8(]5” B 1 ﬂ/ B 3S¢)” ( 2 82)¢)”/ .
AR I = Ea CEr
A formula for the mean Cartan torsion of (o, )-metrics obtained as follows
(¢ — 59/
I = M(abi — sY;).

For 5-th root («, B)-metric we calculated the I;, giinIsz and \/3p2 + 6pg + (n + 1)g? respectively
A ::0187(901( (c1 + 0232))% +9(s(e1 + 0232))%0232 + 2b20% + 6b%ciees® — 2320% — 6340102)2,
— 2nc3b2 + 6b2c1)?,
B ::6320 + 6s* c1c9 — b2 + 12b%c1e98° + 9b20234 + 4b2302
:(273 + 27¢) 265 4+ 18s* c1Co + 18¢1098% + 6b2¢1co8? + 65°nc1b2cs + 852 ncl 9s%¢ 90%5,

c1(4ncys® + 3nb2cas% — nb2cy + 3b2c; + 3b2c25?)

Ii =
! 3(s(c1 + c28?)(4ers? + 3b2cas% — b2cq)a?)

gi; LI F* = 327{(62 s%)(18s%ncy (s(er + 6252))% + 18s*n(s(c1 + 6252))262 + 4s*nb?c?

+ 125 nb%crer — dstne? — 125%ncico + 9/ (s(cr + c252))2b% ¢
3 2
O/ To(er + o) PHers?)? {a(er T ea?))((cas + eas®ys — SATIT) Y,

3(c18 4 c983)3

1 2
{1 — — (=% +12¢1c95% + 9c3s™ + 4scd) (B — 52) + c15°(144s5¢ies

E 3E4(c1 + 0252)
— 795%c1b? + 3253¢1b? 4 7258c3c3 — 32b cls + 81bcys® + 16b%s% ¢t — 16b% st ¢t
— 816%s'0c3 + 725t ¢t + Thte] 4+ 1620 c1e3s0 + 7201 egs + T20 A5 R — 720757 3P
— 545 A3b% ey — 7255307 3 — 16258 ¢ eab? — 72553 eab? — 90b 3 eps?) (52 4 18¢1 ¢8>

+ 9¢3s* + 4sc2)?(b% — 32)}



12 J. MAJIDI

1
3p? +6pg+ (n+1)¢* = E(l2c?(n + 1)(4s%c1 — b2c; + 3b2¢95%)? + 12¢1 (45%¢) — b2y
+3b2¢95%) (2755¢3 4 27c35° + 1851 cico + 18c1c98® — 17523 — 92 s + 8b2¢?)
+(275%¢3 + 27c3s% + 185 cica + 18¢icas® — 175%cF — 9cts 4 8b2¢1)?))
We will prove that the 3-th root (a, 8)-metric is Cartan bounded.

Proof of Theorem 1.1: First, suppose the dimension of the manifold is 2. local orthonormal coframe
{v1,v2} of Riemannian metric a. Therefore, a Can be written in the form of o = v? + v3. We will do in
the same way as in article [24]. If we adjust the coframe {v;, v} properly Thus § = svy.

Then by = s, by = 0 where 8 = anzl bmy™. Hence || B ||a:= Va*™bsby, = 7.
For an arbitrary tangent vector y = ve; + ues € T M, we can obtain that

alz,y) = Vo2 +u?, B = tv,
F(z,y) =vVv? +u?(cr (

Assume that y* satisfies
g,y =0, gy y") = F(z,y). (3.1)

specifically Obviously y* is unique, because the metric is non-degenerate. The frame {y,y"} is called the
Berwald frame.

Let y = rcosfle; + rsinfey, ie., v = rcosd and v = rsinf. Putting the above expression into (3.1) and
calculating with Maple (see Section A.1 in [24]) yields

L ( V/2req sin @ cos 0 V2r(2¢1 cos? § 4 3t%cy cos? 0 + c1)
V/e1(dey cos? 0+ 3t2co cos2 6 — c1) ’ 2+/c1(4cy cos? 0 + 3t2co cos? 6 — c1)

W=

tv tv 3
VU2 4 u? e \/v2—i—u2) )5

)

Y

where
In [24],the norm of C is shown below

|| C ||$: sup 77(55711)»
yeT M\{0}

where

F(z,y)Cy(yty™ y™)
gy (4,02

By using Maple and Section A.2 in [24], we have

(z.7) ﬁ’ 5in(6)(9cat? cos? 0 + 8cy cos? O + c1)rey |
x,y) = —
ey 2 (4c1cos? 6 — 1 + 3cat? cos? )/ e (4ey cos? 0 — ¢ + 3eat? cos? 0)

n(z,y) =

we define

f(t,z) == (4c12® — 1 + 362t222)\/61(46122 —c1 + 3eat?2?)

2
g(t,z) = 2f\(tfz) V1 —22(9cot?2% 4+ 8¢12° + ¢1)ren

where f and g are functions on [0,1) x [—1, 1]. Therefore

| C = 0219%%|g(t,0050)|.
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We calculate

Q V1 — 22(9c22% + 8c12% + ¢1)rey

lim g(t,z) = 52
t—>1—g( ) 2 ’(4012’2 — c1 + 3c222)\/e1(4e12? + 3ep2? — ¢1) .
for z = 0, we have
5 2
lim g(t,z) = i’%‘ (3:3)
t—s1- 2 —a/-A

where, \/—c? undefined. lim g(t,z) is not continuous for all 2 € [—1,1], so it is not bounded. This
t—1-
completes the proof. ]

4. CONCLUSION

Among the class of m-th root Finsler metrics, 4-th root metrics have an important and special role in
Finsler geometry. In this study, we focused on the class of 3-th root («, 3)-metrics and the bound Cartan
torsion for a 3-th, 4-th and 5-th root («, f)—metrics. We proved an important theorem about the necessary
condition of unbounded Catan torsion.
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