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ABSTRACT.

In this paper, the numerical solution of the initial-value problem involving the time-fractional diffusion
problem in the Caputo sense can be express as a series of the shifted Vieta-Fibonacci polynomials with
unknown coefficients. Next, by making use of the collocation points and the relations between their
coefficients via the boundary conditions, the recent problem is reduced to a system of fractional ordinary
differential equations (SFODEs) with initial conditions. Then, utilizing the residual power series method
(RPSM) on SFODES, the analytic approximate solution can be achieved. To illustrate the simplicity
and accuracy of the proposed method, some numerical examples are considered.

1. INTRODUCTION

The mathematical modelling of the wide range of problems in scientific and engineering fields appear as
the time-fractional diffusion equations (TFDEs), see e.g. [1]-[4] and references therein. The TFDEs have
been investigated in analytical and numerical frames by a number of authors, see e.g. [5]-[11].

In 2020, Bayrak et al. in [12] proposed a numerical solution for the TFDE using Chebyshev collocation
method and the residual power series method (RPSM). In this paper, with the same idea, an efficient
mathematical technique is successfully applied to obtain the analytical approximate solution of the TFDE,

Diu(z,t) = k(z)ugz(x,t) + f(z,t), 0<a<l, 0<z<l,0<t<T (1.1)
subjected to the following initial-boundary conditions

u(z,0) =¢(x), 0<z<l (1.2)

w(0,t) = u1(t) , u(l,t) =pa(t) 0<t<T (1.3)

where Df* denotes the Caputo fractional derivative of order 0 < o < 1. The diffusion coefficient k(x), the
source function f(z,t) and also, ¢(x), pi(t) and ps(t) are known functions.

2. PRELIMINARIES

In this section, the Caputo fractional derivative (of order o > 0) of u(z,t) and also, the Vieta—Fibonacci
polynomials will be reviewed.
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Definition 2.1. The o'* order Liouville-Caputo time-fractional derivative of u(x,t) is defined as [13]

1 t m
)/ (t— s)m*aflmds, m—1<a<m,
0

I'm-—a os™m
Dfu(z,t) =
am
7u(x,t)7 a=m e N.
otm
Further, the Caputo fractional derivative of t* (k > 0) is given by
rk+1
i " b2l
-«
Dth =
0, k< [al.
Definition 2.2. A power series of the form
[e.9]
D fnlt—t0)™ = fo+ fi(t —t0)* + folt —t0)** + -+, n—1<a<n, t>t,

is called the fractional power series about t = t.

Theorem 2.3. [13] Suppose that f has a fractional power series representation about t =ty of the form
o0
f(t) = Zcm(t—to)mo‘, n—l<a<n, tg<t<ty+R.
m=0

If D f(t), (m=0,1,2,...) are continuouse on (tg,to + R), with R as the radius of convergence, then the
coefficients ¢, are given by formula

Dpeft)
" T(ma+ 1)’
where D" = DDy ... Dy .
—_——

=0,1,2,...,

m—times
Remark 2.4. Suppose that the solution of problem
Diu(z,t) + L{z|u(z,t) + N[z]u(z,t) = g(z,t), 0<a<1l, 0<zx<[ 0<t<T
u(z,0) = fo(z),

with the linear and nonlinear operators L[z], N|[x],respectivley, as fracional power series expansion

an na+1)

Let

Z Jula I'(na + 1) (2.1)
and
Resy(x,t) = Difug(z,t) + L{z|ug(z,t) + N[z]ug(z,t) — g(x,t).
Then, the coffecients f,,(z) in (2.1) can be determinid by the RPSM as
DEn_l)aResn(x,tﬂt:o =0, n=1,2,...,k. (2.2)



THE SOLUTION OF THE TIME-FRACTIONAL DIFFUSION EQUATION 3

Definition 2.5. [14] The Vieta-Fibonacci polynomials of degree n € N in x, V F,,(z), are defined on [—2, 2]

as

sin nd

VE,(x) =

sinf ’

where x = 2cos 0, 6 € [0, 7).

Remark 2.6. The analytical form of the VF,(z) can be given as follows:

D(n—14) 91
, e N.
ZFz—i—l n—22)$ "

Definition 2.7. The Shifted Vieta-Fibonacci polynomials of degree n € N in z, VF}(x), are defined on

[0,1] as

VE: (@) = V(>

la:—2).

Remark 2.8. The analytical form of the V F*(x) can be given as follows:

n—l

22D (n i+ 1)
VF(x : N 0,1).
Zz:% T(n—)T(2i +2) 1 , neN, z€(0,))

3. THE PROPOSED METHOD

The m!" degree approximation solution w,(z,t) of the problem (1.1)-(1.3) via VE (z) (i =0,1,...,m)
with the unkown coefficients c;41, can be constructed as follows:
m
) => () VFi(z) = CT () ®(x), (3.1)
i=0

where

O(t) = [ar(t), c2(t), . .- cmnr ()], @(2) = [VF (2), VE (2),..., VE; 4 (2)]"

In order to acheive the solution u,,(z,t) by Vieta-Fibonacci collocation method, the following steps are

taken:

Step 1.
Step 2.

Step 3.

Step 4.
Step 5.

Compute the collocation points {r;}7*; as the roots of VF} (z) = 0.
Construct a system of fractional ordinary differential equations (SFODESs) as follows:

dZVFitrl .
ZD Cit1 OV E () = k(r; Zczﬂ ) ) + ), G =1,.m. (3.2)
=0

Construct an algebraic system (AS) using initial and boundary conditions via the collocation points
{r;}7L, as follows:

U (75,0) = D" i1 (O)V Fi(r) = 6(75),
um(0,8) = D27 (1) (i Dein (1) = (1), (33)

um(l1) = 307 (i e () = pia(t).

Utilizing the RPSM to solve the SFODEs (3.2) together with AS (3.3) in coefficients ¢;11 ().
Plugging ¢i+1(t), (¢ =0,...,m) into (3.1) to approximate the numerical solution wu,(x,t).
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4. NUMERICAL EXPERIMENTS

In this section, by following the Steps 1-5, some of the time-fractional diffusion problems are numerically
solved to check out the simplicity and effectiveness of the presented method.

Example 1. Consider the following problem

1
Diu(z,t) = ixzum(x,t), 0<a<l, 0<z<l, 0<t<]1 (4.1)

u(z,0) = z2, (4.2)
u(0,t) =0, u(l,t) = Ey(t%)

where E,(z) is the classical Mittag-Leffler function which is given by
= i L, Re(a) >0
= I'(an+1)

The exact solution of the problem (4.1) -(4.3) is given by u(x,t) = 22E,(t%).

Case L. If m = 2, then r; = . The SFODEs (3.2) and the AS (3.3) imply

Di¥ci(t) — Di¥es(t) = 4es(t), (4.4)
1
1(0) — es(0) = 1. (45)
c1(t) — 2ca(t) + 3e3(t) = 0, (4.6)

c1(2) + 2¢2(t) + 3e3(t) = Eq(tY). (4.7)

The Egs. (4.6) and (4.7) imply
1 1 1

ca(t) = ZEa(ta) , c3(t) = —gcl(t) + gEa(to‘) (4.8)

Therefore, from the problem (4.4)-(4.5) with (4.8), the following initial value probelm can be obtained.
)
Dto‘cl (t) +c1 (t) — gEa(ta) =0, (4.9)
5
= —. 4.1

a1(0) = 15 (4.10)
In this stage, for solving the problem (4.9) -(4.10) by the RPSM, letting

o) = fo= 15+ enl®)=fot hig

() =Jo=16 » cu T
imply
o 5 .
Res1(t) = fu+ fo+ frp——y = gBalt?),

Ma+1) 8

and therefore, according to Resi(0) =0, f1 = &
Similarly, letting

«a t2a
Tlat1) f2F(2a +1)

ci2(t) = fo+ f1



THE SOLUTION OF THE TIME-FRACTIONAL DIFFUSION EQUATION

implies
« @ t20¢

t
Mo+ )+fo+f1 o +1)+fQF

Therefore, according to Dff Resa(t)|i=0 = 0, fo = 15

In a similar way, one obtains
5
f3—f4—...—ﬁ.

So, from (2.1) we have ¢1(t) = £ Eq(t%), and from (4.8) it follows that

% Ba(t%).

Resy(t) = fi +f2 a1 3

at) = 1Ealt?) , eslt) = 1o Fult?)

Finially, plugging (4.11) into (3.1) for m = 2 implies
ug(x,t) = 12 Fy (1Y),
which is the exact solution of the problem (4.1)-(4.3).

Example 2. Consider the following time-fractional diffusion equation (0 < a < 1),
1 a+1
Diu(x,t) = —§x2um(:v,t) + (22 — 2%t + (2 — 3x3)m, 0<zr<l, 0<t<l1
subjected to the following initial and boundary conditions
u(z,0) =0,
u(0,t) = u(l,t) = 0.

a+1
The exact solution is given by u(z,t) = 22(1 — x)I‘(ta+2)
Case I. If m = 2, then ry = 5 and S0,
1 1 toz—H
D%ci(t) — D%c3(t) = —4ces(t e S
tcl() tc'?)() 63()+8 8F(a+2)7
c1(0) — ¢3(0) =0,
c1(t) — 2¢a(t) + 3e3(t) = 0,
c1(t) + 2ca(t) + 3es(t) = 0.
From (4.15) and(4.16), it follows that
1
) =0, cat)=—-za()
Therefore,
3 3 ta+1
Deei(t) —er(t) — St o~
rall) —al) = 5 Hrary
01(0) =0.
or
tOA
D&t ley(t) — & (t) — 3 + 3

32 " 320(a+1)

(4.11)

(4.17)

(4.18)
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In this stage, for solving the problem (4.17) -(4.18) by the RPSM, letting

ta—i—l
t) = =
cw(t)=fo=0, eult) = fo+ fig—— EED)
imply
3 3 te
Resy(t) = - — S
esi1(t) = fr — fit® +32F(a+ -
Therefore, according to Res;(0) = 0, we have f; = 2.
Similarly, letting
totl 752(o¢—|-1)
t) =
c2®) = "9 T P rga s ey
implies
toz+1 ta t2a+1 3 3 tOé
R — — -t =
es2lt) =it s T ey PTeary 32 T B
According to Dt"‘HResQ(t)\t:o =0, one obtains fy = 0.
In a similar way, from (4.15) and(4.16), it follows that f3 = f4 = ... =0 and therefore,
3 toz-i-l 1 toc—i—l
) P ) = He o
al) = 5rary » 2W=0 el =555
Thus,
1 ta+1
=-2(l-2)—— .
o) = 5ol -2 g
Case II. If m = 3, then r| = %, ro = % and the following SFODEs can be obtained.
Dfcol(t) — Di*es(t) + 8Dfca(t) = —4es(t) + 1t — 1ot
£ 0 £ LR T TR T 8N (et 2)
N N N 9 45 tot!
Dicy (t) + D; Cg(t) + 7Dy C4(t) = —963(t) + 2704(t) + —t— —

64 64T(a+2)

c1(0) = ¢3(0) + 8c4(0) = 0,
c1(0) + ¢2(0) + 7c4(0) = 0,
c1(t) — 2ca(t) + 3cs(t) — 4ea(t) =0,
c1(t) + 2ca(t) + 3cs(t) + 4ea(t) = 0.
From (4.20)-(4.21) it follows that
1 1
c3t) = —gzalt) , alt)=-5e()
and therefore,
a+1
Dy (t) —0.03125¢ (t) — 0.09375t + 0.09375m =0,
a+1
D% (t) + 1.5D%es(t) — 0.09375¢1 (t) — 13.5¢a(t) — 0.140625¢ + 0703125 55 =0,

c1(0) =0 , c(0)=0

(4.19)

(4.22)
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or
a

D ey (t) — 0.03125¢) (t) — 0. : — = 4.2
e (t) — 0.03125¢ () — 0.09375 40 09375F(Oé+ ) 0, (4.23)
tOZ
D& le (1) + 1.5DX ey () — 0.09375¢, (1) — 13.5¢h(t) — 0.140625 + 0.703125m =0. (4.24)
a
In this stage, for solving the problem (4.23) -(4.24) with the initial conditions (4.22) by the RPSM, letting
toz—l—l
t prg g 0 prg _—
c1o(t) = fo , ci fll“(a—f—Q)
tOH—l
t = = O = _—
c20(t) = go , C21 gll“(oH— 2)
imply
t* t*
—0.03125 f; ——— — 0.09375 + 0.09375 ——,
h ﬁﬂa+n * T(a+1)
Resi(t) =
i 13.5 & 0.140625 + 0.703125 "
1.5g1 — 0.09375f1 —— — 13.5g1 =—~ — 0. . _—.
St 150 USYCES) Nt T(at 1)

Applying the condition Res;(0) = 0, it follows that f; = 0.09375 and g; = 0.03125.
Similarly, letting

ta-i—l t201+2
t) =
cxl) ="y T et ey
tOH-l t2a+2
t) =
en(t) = 91 Ta+2) PT2a+3)
imply
( ta+1 fo t2a+1 «
—— —0.0312 —0. . _
fi+ f2F(a+2) 0.03 5{f1F(a+ 1 +f2F(2oz+2)} 0.09375+0 09375F(a+ ok
a+1 a-+1 o 20+1
Ress(t) = LA 00937 i 4y
hthraat {on +g2F(a+2)} {flr(aﬂ) +f2F(2oz—|—2)}
fe 20+1 e
—13. —0.14062 . 125 ———— 1.
\ 35{g1f(a+1)+g2f(2a+2) 0140625 +0.703 5F(a+1)}
Therefore,
167
—0.03125fg ———
fo f2F(a+ 0
D& Resy(t) = N N
1. —0. — —13. _
fo+1.5¢0 009375f2F(a+1) 3592F(a+1)
Letting DY Resy(0) = 0 implies fo = go = 0.
Similarly, fs=fs=...=0and g3 =g4 = ... =0, and it follows that
a+1 a+1
t) =0. _— t) =0.03125 ——
c1(t) = 0.09375 Tat2) ca(t) = 0.03 5F(a+2)
o+1 a+1
t) = —0.03125 —— t) = —0.015625 ——
c3(t) T(a+2) ’ ca(t) T(a+2)
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and then, the numerical solution of problem (4.12)-(4.14) can be obtained as follows
ta+1

uz(z,t) = 22(1 — m)m,

which is the exact solution.

5. CONCLUSIONS

In this paper, by following [12], the numerical solution of initial-boundary value problem involving the
time-fractional diffusion equation has been achieved by the Vieta—Fibonacci collocation method and the
residual power series method (RPSM). Simplicity and efficiency of the presented method have been consid-
ered in some of illustrative examples.
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