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ABSTRACT.

e )

An outbreak of the 2019 novel corona-virus disease (COVID-19) in Wuhan, China has spread quickly
in all the world. The pivotal aim of the present work is to achieve an analytic approximate solution
for the fractional order outbreak model of COVID-19 utilizing LADM. First the transmissibility of
corona-virus is introduced as a nonlinear fractional order dynamic system with six classes of population,
then by employing LADM, the approximated solutions in the series form are obtained. Further, novel
simulations for all cases of results are provided to validate the applicability and effectiveness of the
propounded scheme. Also we analyze the effect of some important parameters of the model on the
control of the virus spread. The outcomes of this research reveal that the LADM is computationally
very effective to analysis nonlinear fractional differential equations arises in daily life problems.

1. INTRODUCTION

At the end of 2019, the world was effected by a novel infectious disease caused by a new kind of coron-
aviruses, namely Covid-19. There are four kind of human coronaviruses, «, 3, and 6 or SARS-CoV. But
the discovered coronavirus in Wuhan city of China at December 2019, was different from other kinds. As
reported by the World Health Organization (WHO) [1], this virus is thought to be transmitted from animals
to humans and authors of [2], introduced the bats as the probably origin of this virus. Theory of trans-
mission of the virus form bats to the hosts (it may be the wild animals) and the hunting of the hosts and
their travel to the seafood market (Huanan Seafood Wholesale Market), was expressed in many literature,
such as [3]-[4]. Unfortunately, the spread of this virus was too rapid in China and in spite of the quarantine
restrictions of Chinese government for Whuan city of Hubei province it transformed to global epidemic at
the beginning of 2020.

Historical evidence show the negative influence of the countries by the infectious pandemics in many fields,
such as health and finance. Unfortunately after about 13 months from beginning of this pandemic, the
definitive treatment for it has not been found yet. Therefore the only way for controlling the spread of
coronavirus is understanding and mathematical modelling of the dynamic of its transmission.

In this regard some researchers have studied the dynamic of the infectious diseases. In [5] the temporal
dynamics of the coronavirus disease 2019 outbreak in China, Italy and France in special time interval was
analyzed and the mathematical model of outbreak was considered as a system of nonlinear differential equa-
tions. Atangana in [6] suggested a mathematical model taking into account the possibility of transmission
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FiGure 1. Diagram of COVID-19 spread in the bats.

of COVID-19 from dead bodies to humans and the effect of lock-down by studying three cases. Also he
introduced the novel differential and integral operators to the suggested model. In [7] authors are described
the brief details of interaction among the bats and unknown hosts, then among the peoples and the infections
reservoir (seafood market) and formulated the model of spread as nonlinear system of fractional differential
equations.

In this study the mathematical model of spread of coronavirus based on statistical data of Wuhan city, is
considered as nonlinear system of fractional differential equations where fractional derivative is defined in
Caputo sense. The unknowns of system are classified in six groups: the susceptible, exposed, symptomatic
infected, asymptotically infected, recovered and dead peoples. In solving the purposed model for differ-
ent values of fractional derivative order, first Laplace transform and Adomian decomposition method are
applied for introducing the solutions as infinite time series. Then utilizing the iterated Shanks transform,
an accelerating convergence technique, on the truncated solution series, we obtain approximate solutions
of system. In the following, for analysis the effect of shedding rate from infected cases to the susceptible
people and the reservoir, also the shedding rate from the reservoir to the susceptible people, we solved the
non-fractional model for different values of model parameters.

The organization of this paper is as follows. Mathematical modelings of transmission in animal and human
societies, based on Caputo fractional derivative are described in section 2. Section 3 is devoted to introduc-
ing the suggested approaches for solving the relative human society model, and the purposed approaches
are utilized for analysis a case study 4. Conclusion of this paper is given in section 5, where the impact of
principal parameters of main problem and inducing the fractional order are discussed in details.

2. MATHEMATICAL MODELLING OF TRANSMISSION

2.1. Model formulation for bats and hosts. Most researchers have the same theory about the primary
transmission of the coronavirus; the believe that this virus belongs to the bats population and the initial
spread occurred between the bats and then transmitted to unknown hosts (probably some wild animals). By
hunting the hosts and sending them to food markets (almost seafood markets), the fundamental spread in
human population was happened. The seafood markets are considered as the reservoir in this study. Figure
1 is useful in schematic understanding of the transmission.

For modelling the dynamic of outbreak between the bats and the hosts, the bats and the hosts are classified
in four group. The susceptible, the exposed, the infected and the recovered or removed groups. Figures
1-2 show the diagrams of spread of COVID-19 in the bats and hosts populations, respectively. It should be
noticed that the number of exposed hosts depend to the number of infected bats and this is shown in figure
2. The spread dynamic in bats and hosts is defined as [7]-[§]
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FI1GURE 2. Diagram of COVID-19 spread in the hosts.
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FI1GURE 3. Diagram of the changing in the reservoir.

( d(%’ = nbNb(O) — mbSb - %&))Sbflh

& = 55501y — (wo +my) By,

o = wyEy — (1 +m0) I,
B — I, — my Ry,
(2.1)
2 = np Ny (0) — mp Sy, — 7]\2”(’6) Snly — 7]\/5’(10) Shln,
dB,

By %Shfh + %Shfh — (wn +mn) Ep,

e = wpEp — (y +my) I,

dR
= Yndn — mp R,

subject to the following non-negative initial conditions
Sb(O) = S50, Eb(O) = €0, Ib(O) = 10, Rb(O) = 750,

Su(0) = sno,  En(0) =eno,  In(0) =ino,  Ru(0) = rpo.

where the coefficients and unknowns of equation (2.1) for the hosts population are defined in table 1. In
the table 1, N (0) is the total number of hosts and we have Nj(0) = S, (0) + Ep(0) + I(0) + Rp(0). It is
clear that the unknowns and the parameters for the bats population can be defined similarly, without Bpp,.
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TABLE 1. descriptions of some parameters and unknowns of equation (2.1)

unknowns description

Sh, Susceptible hosts

E;, Exposed hosts

I Symptomatic infected hosts

Ry, Recovered and dead hosts

Sp Susceptible bats

E, Exposed bats

I Symptomatic infected bats

Ry Recovered and dead bats

parameters description

np (ny) Birth rate of hosts (bats)

mp (mp) Mortality rate of hosts (bats)

Br (Bp) Transmission rate from I, to Sy (I to Sp)
Bon Transmission rate from I to Sy

wp, (wp) Incubation period in the hosts (bats) body
Yr () Recovery or removal rate of Ij, (I)

2.2. Model formulation for people. Motivated by the transmission dynamic for animals, the mathemat-
ical model for the dynamic of the transmissibility of the coronavirus in people is derived in [7] as follows:

( % = mpNp(0) —mySp — J%Sp (Ip + kAp) — Bw SpW,

% = ]%,Sp (IP + kAp) + 5WSpW - [(1 - 5p) wp + 5ppp + mp] Ep7

dI
a = (1= 6p) wpEp — (p + myp) I,

dA
= = SpppEp — (ap +my) Ap,

dR
& = Yolp + apAp —mp Ry,

% = pplp + &pAp — W,

subject to the following non-negative initial conditions

Sp(o) = So, Ep(o) = Ep, Ip(o) = Io,

A, (0) = Ay, R,(0) = Ry, W(0) = W,

where the definitions of Sy, E,, I,, and R, in system (2.2) are similarly to the ones in system (2.1), and A,
and W show the asymptomatic infected people and the COVID-19 in reservoir in time t. Even though W is
one of the unknowns of system (2.2), but it does not belong to the human chain of transmission, so the its
change process diagram was drawn separately in figure 3. Figure 4 shows the diagram of spread in human
society and the description of parameters of system (2.2) are given in table 2. The main aim of this paper
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FiGURE 4. Diagram of COVID-19 spread in the human society.

TABLE 2. model parameters and their descriptions

variables

description

Np(0)
mp
Wp

Pp

The total number of people
Natural mortality rate

Incubation period

Latent period

Removal or recovery rate of I,
Removal or recovery rate of A,
Shedding coefficients from I, to W
Shedding coefficients from A, to W
Proportion of asymptomatic infection
Transmission rate from I, to .S,
Transmission rate from W to S,
Transmissibility multiple

Removing rate of virus from W

is solving the Caputo fractional form of system (2.2) as

6D Sp = mpNp(0) —mpSy — ]%,Sp (Ip + kAp) — Bw SpW,

§D§E, = 8-S, (I, + kAy) + B Sy (W = [(1 = 8,) wp + Sppp + my) Ep(t),
6D Iy = (1= 6p) wpEp — (p + myp) I,

0DF Ap = dpppEp — (0 +myp) Ap,

6D By = vplp + apAp — mp IRy,

GDFW(t) = pplp + EpAp — W,
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where §D® is the fractional differential of order «, for finding the unknowns Sy, I,,, E,, Ay, R, and W, where
0 < a < 1. For this purpose first by using Laplace transform the system of Caputo fractional differential
equations (2.3) is reduced to a system of algebraic equations and then Adomian decomposition method is
applied for obtaining the solutions.

Now we briefly present the known definition of Caputo fractional derivative.

Definition 2.1. The Caputo fractional derivative operator of order nonnegative « is defined as [9]

aply_ L A
D f(a:)—r(n_a)/o (x—t)a“—”dt’ n—1<a<n, nech. (2.4)

Based on applying the Laplace transform on the system (2.3), we express the following property for Caputo
derivative.
The Laplace transform of Caputo fractional derivative is as follows

n—1
L{Df} =sL{f} = > > 1f®0), n-l<a<n. (2.5)
k=0

3. NUMERICAL IMPLEMENTATION

In this section Laplace transform via Adomian decomposition method are used for solving nonlinear
system (2.3). First by applying Laplace transform to both sides of the model (2.3) we get

LSy} =54 2200 _ Mo pig ) — LS, (I, + kAy)} — BLL{S,W},

LBy} = 4 Do £4S, (I + kAy)} + 2r L {8, W} — U=eleetbetotite p (5}

ci{ny="2 0 pipy  tmpiyy

(3.1)
L{A)} =50+ BELAB)} - 2 L {4},
LRy} =12 + LD} + EL{A} — TEL{R,},
L{wy=Wo topipyy Spia)— SL{W).
Now we write the unknowns of the system (3.1) in infinite series as
Sp(t) = s;(t), Ep(t) = Zej(t)7 Iy(t) = i(t),
7=0 7=0 7=0
Ap(t) =) ai(t),  Ry(t)= ri(t),  W(t) =) wj(t). (3.2)
=0 =0 J=0

>

& J J
o7 (Z lSz(t)ZAlal(t)” :
A=0

=0 =0
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Sp(t)Ip(t) =Y Bi(t) = T 1+ 0 | av (Z Nsi(t) (ﬂ)] ; (3.3)
7=0 7=0 J =0 =0 A=0

Sp(OW () =D Ci(t) = (»1+ 1 % (Z Nsi(t) Z)\lwl(t)>]
e J 1=0 1=0 A=0

Now by substituting equations (3.2)-(3.3) in (3.1) and utilizing Adomian decomposition method we get the
Laplace transform of initial conditions as

S npN,(0 E ) 1
clsoy = 20 2O ey = B gy = T

A R W,
Elaoy =7, L{ro} = =2, L} = 0

and consequently the following recursive relations

Clap) = B0 0 - ok (£ 4B + kL (A} ) - L),

L{ej1}= SaN (c {B;} + kL{A, }) + Bw ey — Uelenthvoptmy pgp y

r {in _ (= 5p Wpc{ } ’Yp:-ampﬁ {ij}, (3.4)

L{ajp} = 22L{e;} — 222 L {a;},
LA{rjy}= ﬁ{%}"‘ wLia;} — saﬁ{r]}

E{wj-i-l} ‘C{Z]}+ L{a]}—saﬁ{w]}
By taking inverse Laplace transform of linear system (3.4), we obtain the analytical solutions of nonlin-

ear system (2.1) as (3.2). The M-term approximation for analytical solutions of the Laplace Adomian
decomposition method are defined as

M—-1 M-1 M-1
spm(t) = Z 55 epm(t) = €55 ip,(t) = Z i
=0 =0 =0
M—1 —1
apn(t) = aj, ()= wu(t) =Y w (3.5)
§=0 §=0 j

In the following, iterated Shanks transform is applied to accelerate the convergence of approximate solutions
(3.5).

3.1. Iterated Shanks transform. Assume that the solutions s, ; are computed for i = 1,2,3,..., M, we
define s,; = S[s]?. Now for j > 1, define

s ]j B 8[8]5_18[5]34:21 - (S[ H+11)2
Sl 28[s L Sls

(3.6)
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TABLE 3. Estimated parameters of model (2.3) for Wuhan at 21 to January 28, 2020

variables description
my, 0.000035678 [10]
Wp 0.00047876
Pp 0.005

Yp 0.09871

ap 0.854302

p 0.000398

& 0.001

Op 0.1243

Bp 0.05

Bw 0.000001231
k 0.02

5 0.01

The result of iterated Shanks transform is defined as

M—-1
Sls]; 2 M is odd number,
S{spiy---,8 =
{ Pl ’ p’M} M2 M2
S S .
sl —5 5], , M is even number.

Similarly, we do this process for other approximate solutions e, iy, ap, 7, and w, respectively.

4. CASE STUDY: WHUAN CITY

In this section we report approximate solutions of system (2.3), obtained by aforementioned method,
where the parameters and initial conditions of problem are estimated from clinical and hospital statistics
of Wuhan city, where the initial population was N,(0) = 8,266,000 [10]. The initial numbers of the six
people groups of system (2.3) are reported as: Ep = 200,000, Iy = 282, Ag = 200, W(0) = 50,000 and
So = 8,065,518, it be considered that the number of the dead and the recovered people is zero, Ry = O.
Also the parameters of system (2.3) are calculated by curve fitting the introduced mathematical model and
the real data. The estimated parameters for this case study are given in table 3. The fractional model
(2.3) is solved by introduced method for different values of o and the obtained series solutions are truncated
for M = 5. Then iterated Shanks transform S[.]3, is employed for increasing the convergence of numerical
solutions. The results are shown in figures 5-10. It can be easily seen in this figures that the approximated
numbers are in good agreement with the results of [7], which approximated the numbers for 120 days.
Now in order to analysis the effectness of shedding parameters p,, &, and 3,, we solve the nonlinear model
(2.3) for « = 1 and different parameters p,, §, and (,. In this study these parameters based on our case
study, Wuhan city, have taken as; p, = 0.000398, £, = 0.001 and 3, = 0.05.

By the obtained diagrams 5-10 of the approximated solutions, it can be seen clearly that the number of
susceptible people will be decreased over time, while the number of infected people will be increased. This is
admissible because the communications between the people of involved society by Covid-19, will increase the
number of exposed people. It should be noticed that this virus has considerable large reproduction number,
Ry. In some countries reproduction number was estimated of 3.58, that is, a single infected person can
transmit this virus to 3.58 susceptible people. Another important factor in the dynamic of Covid-19 spread
is its long incubation and latent period. In some cases the infected people have no symptom in two weeks
and in this period they can transmit the virus to the susceptible people. On the other hand the number of
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FIGURE 5. Approximated number of the suspectable people for some values of « in 200 days.
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FIGURE 6. Approximated number of the exposed people for some values of « in 200 days.

virus at the reservoir will decrease over time, because by shut downing the food markets (especially seafood
markets) and in general crowded centers, quarantining the infected and susceptible people, disinfecting the
places and observing health tips, the shedding rate of virus will be vanished, approximately.

4.1. Effect of 1. For study the impact of shedding the corona virus from symptomatic infected people to
the reservoir, on the solutions of system (2.3), we solved the non-fractional model (o = 1) for some different
tp- The results for p, = 0.04, 0.000398, 0.000004 are shown in figure 11. Where p, = 0.000398 is the value
of the related shedding parameter for Wuhan and we assume two increased and decreased values for it. As
we can see in the solution plots, by decreasing the shedding rate from the infected people to the reservoir,
the number of the infected both symptomatic and asymptomatic and exposed people will be decreased.
There is almost a unique theory about the initial reservoir of Covid-19 in Wuhan city, the seafood market
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FIGURE 7. Approximated number of the symptomatic infected people for some values of «
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FIGURE 8. Approximated number of the asymptomatic infected people for some values of «
in 200 days.

of Wuhan. But it is clear that the reservoirs of Corona virus in various countries are numerous, such as
airports, universities, hyper markets, banks and etc . So some alternatives to reduce the shedding rate from
the infected people into these places are shutting down the reservoirs and quarantine the infected people,
both symptomatic and asymptomatic. By the plot of R,(¢) in figure 11, it is clear that the number of
recovered people is not affected by changing the value of 1.

4.2. Effect of ¢,. In the following for understanding the affect of shedding parameter from asymptomatic
infected people to reservoir, we perturbate the value of £, in non-fractional model of system (2.1). We put
& = 0.1, 0.001,0.00001 and numerical results are shown in figure 12. As we can see in the plot W (t) of
figure 12, for &, = 0.00001, after 107 days, the number of COVID-19 viruses in the reservoir approximately
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FIGURE 9. Approximated number of the recovered or dead people for some values of o in 200 days.
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FIGURE 10. Approximated number of the recovered or dead people for some values of « in 200 days.

vanishes, that is closing or even limiting the reservoir activities for about 100 days has an important role in
the control of the coronavirus spread.

4.3. Effect of 3,. One of the effective parameter in the control of spread COVID-19 is lack of communication
between the infected and the susceptible people. In this section we solve the no-fractional system (2.2)
for some different values of the related parameter, 8,. We choice two nearby values to main parameter,
Bp = 0.005, 0.5. The plots of numerical results are shown in figure 13. As expected, by increasing the
parameter 3,, the number of infected people will increase, to be more precise if the transmission rate from
infected people to susceptible people increases ten times, then after 100 days the number of symptomatic
infected people increases 1.21 times and the number of asymptomatic people increases 1.15 times. On the
other hand by decreasing the transmission rate between I, and .S, after 100 days
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5. CONCLUSION

and W for some different values
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In this research the mathematical modeling of Covid-19 virus spread is considered as a system of fractional
differential equations in the Caputo sense. By using Laplace transform and Adomian decomposition method,
the nonlinear fractional differential equations system reduced to some easily solvable recursive relations. Also
in order to achieving fast convergence of numerical solutions, we employed iterative Shanks transform. For
showing the efficiency of the presented method, the dynamic of Covid-19 in Wuhan city is studied and

related model is solved by introduced approach. As we can see in figures 5-10, that fractional order of

Covid-19 outbreak has more degree of freedom and therefore can be varied to get various responses of the

different compartments of the proposed model. In the following the affect of some human parameters of



46

S

—

fruny

Z
o

Ry(t)

M. NARIMANIRAD,

B. AMINI AND A. VALIZADEH

8x10°
6% 10° |
4x10°

2%x10° "

8x 10°[

6 10° |

Ep(t)

4x10° |

2x10° I

50 100 150

100 150 200

40000 F
30000
20000

10000

Ap(®

50 100 150 200 0 50

100 150 200

20x10°F
15x10°F

1.0x10°F

500000

50000 |
40000 |

30000

W(b)

20000 -

10000 |

50 100 150

200

FIGURE 12. Approximated results for S,, E,, I,, Ay, R, and W for
of &, in 200-days.

some different values



SO

Ip(®

Rp(t)

LADM FOR SOLVING COVID-19

47

50 100 150 200

50 100 150 200

8x10°H ~ T T T 8x 10°
— B,=0.005 I
6| i 6l
6x10° . Bp=0050 1 6x10° |
Ax 106 } i ,Bp:OSOO i u‘\"Ja Ax 106 [
2x10° 2% 108 |
0 ;\ S S R W 0 L
0 50 100 150 200 0
t
40000
30000
20000 - Z
10000 -
0 :\ L L L L L L L L L L L L L L L L L L L L L
0 50 100 150 200 0
t
25x10°F 50000
15x 106f— - 30000
? =3 [
1.0x10° | 20000
500000 - 10000 ¢
of 0f

0 50 100 150 200

FIGURE 13. Approximated results for S,, E,, I,, Ap, R,
of 3, in 200-days.

and W for some different values
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the model is analyzed by perturbate the mentioned parameters and numerical results are shown in figures.
Further research through this area is under progress and will be reported in due time.
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