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ABSTRACT.

The theory of m-th root Finsler metrics is used in Ecology, Biology, Seismic ray theory, Gravitation, etc.
It is introduced as a direct generalization of Riemannian metric, in other words, the second root metric is
a Riemannian metric. On the other hand, the Riemannian curvature actually reveals the local geometric
properties of a Riemann—Finsler metric. In this work, we investigate the class of 4-th root («, 3)-metrics.
We prove that every weakly Landsberg 4-th root («, 3)-metrics has vanishing S-curvature. By employing
it, we show that a 4-th root («, 8)-metric is a weakly Landsberg metric if and only if it is a Berwald
metric.

1. INTRODUCTION

Consider a Finsler metric F' = F(z,y) on a manifold M of dimension n. Let G* = G*(z,y) denote the
spray coefficients of F' in a local coordinate system.The Landsberge curvature L = Ly, (7, y)dr® @ dot @ dx*
is a horizontal on T'M /0, defined by

1

Lstu = —§FFyk [Gk]ysytyu.

Finsler metrics F are called Landsberg metrics if Ly, = 0 .The mean Landsbergc curvature J = J;da?,
defined by

Jk == g% Ly,

If J = 0, Finsler metrics F' are weakly Landsberg metrics. obviously, in dimension 2, any weakly Landsberg
metric must be a Landsberg metric [1]. In [2], Tayebi and Izadian show that every weakly Landsberg fourth
root («, 3)-metric on an n > 3-dimensional manifold M is a Berwald metric (assuming that s;; = 0). Here,
without considering s;; = 0, we show every weakly Landsberg 4-th root (c, )-metric on a manifold of
dimension n is Berwald metric(see [3-7]). First, we calculate the S-curvature for the 4-th root («, 3)-meter
and use it to show the following theorem

Theorem 1.1. Consider F = {/cia4 + c202B2 + 384 be a fourth root (v, B)-metric on a Finsler manifold
of dimension n. Then F is Weakly Landsberg metric if and only if rij =0 , s;j = 0 ( that is,3 is parallel
with respect to o).
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2. PRELIMINARIES

For a Finsler manifold (M, F'), a global vector field G is induced by F' on T'Mp, which in a standard
coordinate (z',y") for T My is given by

) 9
G=y'— —2G"—
Y oy oyt’
where G = G'(x,y) are local functions on TM given by
L oag PIF  O[F7]
Y= —¢g" - T, M. 2.1
Ghi= g9 {8xk6yly oz } ye (2.1)

G is called the associated spray to (M, F') [8].

The function F = a¢(s) is a Finsler metric ( a = \/azsyty® and § = by,y™ where ||8,||o < bo) if and only
if ¢ is a positive C*° function on (—bg, by) satisfying the following condition:
¢ (s)(0* — %) — 54/ (s) + ¢(s) >0, |s] <b<bp. (2.2)
Obviously, ¢ = ¢(s) must satisfy
o(s) — @' (s)s >0, [s| < bo.
The expressed metric F' = a¢(s) on a manifold M is called an («a, §)-metric. Let

1 1
rij = 5 iy +bja)s sig = 5 (bigy — bya),

rij = a"r;, sij = ass;, gy = riss®;, b= tikskja

ryi= bim’j, S5 = bisij, q; ‘= biqij, tj = bitij,
where ”|” denotes the covariant derivative with respect to the Levi-Civita connection of o and b’ := a% bj,
a" is the inverse of a;;. We define rjg = ;37 and o9 = ri;y'y’, etc [9]. For a function ¢ = ¢(s) satisfying
(2.2). Put

__ ¢
MR
A:=1+s5Q+ (b —s*)Q,
\IJ _ ¢//
2[(B — s%)¢" + (¢ — s¢')]
o B (0 +")s

20((¢ — s¢/) + (B — s2)¢"”’
where B := ||f]|2. Let G! = G!(z,y) and Gt, = G, (x,y) denote the coefficients of F and «, respectively, in
the same coordinate system. We have

G' = Gt + aQs'y + (ro0 — 2Qasg) (a1 Oyt + W), (2.3)
where

P:=|—2Qasy+19|0at, Q':=0 [Too —2aQsg | b + aQst.

Obviously, if 7;; = 0 and s;; = 0 (8 is parallel with respect to «), then P = 0 and @ = 0. |n other words,
F' is a Berwald metric. Let

P:=(sQ — Q) {nA+Qs+1} —Q"(sQ + 1)(B — s?).
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We can obtain a formula for the mean Cartan torsion of (o, 3)- metrics as

(¢ —s¢)®

i= W(abj — 8Yj)- (2.4)

Thus I =0 if and only if & = 0.

3. PROOF OF THEOREM 1.1

In [10], Abazari-Khoshdani characterized weakly Berwald fourth root metrics in the form of F* = cja +
co0® 3% 4 c38* (c1, c2 and c3 are constants).
Assume F be an (o, 8)-metric on an n-dimensional manifold M. Then the S-curvature of F' is given by

(r00 — 2Qs0), (3.1)

S = [2‘11 _ S0 } (s +10) —

o
bf(b) 2A2q

where
Jo (bcost)T sin" 2t dt
o sin™ 2 tdt ’

Here, we calculate the S-curvature of 5-th root (a, §)-metric and obtain the following.

T(s) == (¢ — ¢'s)" ?p[¢" (b* — %) (¢ — ¢'s)].

fb) =

Lemma 3.1. The S-curvature of 4-th root («a, 8)-metric is given by

1 f'(b)
s = ——{ 7 6 630 — 2
1B cocl +023 + 02035 + 638 c1 + bc3s bF(b) (30+r0)
1
A28 AQB?’{ 5(16s°nb*cacics + 125 ncieacs — 85%ncicies — 40s%neicach + 4s>nb*c3c?
o

—8s"nb?cyer + 565 nbcaes + 3005 nb?cicl + 76853 nb i c3cl + 9365 nbcach

+16s nb26301 48s nb203cl — 1657 n020103 + 80s%ncicics + 2725 M nciei 2

—8s° n026163 +8s° nCQC C3 + 36053 nczclc3 — 144513nb2c301 — 38b 01636252
—44b26163625 — 140b%¢yc98%¢2 c3 + 445* 636162 +40s° 026103 +120s° 036261 + 455 nclc3
—365'%c1¢5 — 20s%ncies — 665 0ncic: — 8452 neacs + 4sTnb?cS + 4325 nb?c;
—455nc3c? + 8s7nc§cl — 56811n0203 300813710203 768815n0203 936317710203
—168771620? + 485t nc301 + 144s! nc%cl + 252ncicl + 4s? nclcg — 906201033 — 4% s?
—78bcic3st — 54620231()0% 1062¢355¢3 — 45b2czs 3+ 8s%c3ch 4 45233 + 80s°c3c?

+7259¢3¢; + 125 2c5eo + 1251923 — 255nc3 — 36314nc3 45%ncy — 43251%nc) — 6b%c3

—3b%3c3 — bPchst — 18b%c3s™? + 4st ey 3 — 80s b ceies — 2725 nb3 e 3
+8s3nb’cacics — 8sTnb?cacicl — 360311nb2020103)} <B7’oo + 4s(ca + 2¢3s )30),
where
A:=—c — 6282 — 6384 — 25b20201 + 2b2cgs3 + 10b20203s5 — 4b203s301 + 12b2C§S7 + 2023301
— 20355 — 10028703 + 4038501 — 126%89,
B:=—-c+ 6282 + 36354,

T:=(c1+ c98° + 0354)2(01 + cos® + 0354)"_2.

Now, we study weakly Landsberg 4-th root («a, 3)-metrics and show the following.
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Theorem 3.2. Every weakly Landsberg 4-th root («, B)-metric has vanishing S-curvature.

Proof. For an (a, §)-metric F' = a¢(s), the mean Landsberg curvature is given by

1 202 1@ ,
Jt——m m[g—i—(n-l-l)(Q—SQ )}(To-ﬁ-so)ht
o e / 2
a2 (V1 +s50)(roo — 2aQs0)he + [ — aQ'sohy + aQ(a”sy — yiso)

)
+a?As;o + az(rig —2aQst) — (roo — 204Qso)yt] Al

where

Uy =02 — { A_ i (I)] A%, he v= by — a” sy,
2

contracting (3.2) with b' and simplifying it, we have J = b*J; = 0 [1]. It is equal to following
dea® + dsa® + daa* + doa® + dy = 0,
where
do: = —216567“0003,
do: = 172863c§b230 — 648520§b4r00 — 32645%%5062 + 576ﬁ2c§r0061 — 3006,82037“000%
— 48¢38ns0 + 36¢3b°nrgy — 3csroob® + 2c9m00 — 102nrgecs + 35645%%1)21"0002,
dy : = 172883c3b%s0 — 64852 c3b rog — 3264832 s0co + 57632 c2rooc1 — 300632 c3r00C3
+ 1728805 s0c5 + 5184c3b rogcy + 3564c3b%rooca — 29376¢5 8% soca — 1209663 Bb%soc
+ 76608¢3 Bb%s0c3 4 21888¢2Bsgcica — 27054c3b roocs — 27216307 rogcy o — 194421903
+ 2170803r000162 406400353062 + 4176903()27’0002 — 146617"0002
+ 3564323 rogca — 49248¢3bcicansy — 2880cicinsg — 57456¢3b cansg + 9072¢3b% einsg
+ 91440c3b*c3nsg + 7344305 consg — 33085¢ansy + 40632¢c3c1cansg — 12¢3b1 52
+ 36c§b4nﬁ2 — 36¢3ncy B2 — 420c3b’nea 52 + 4T cacs B — 24c3c1 % 4 555nca 32 — 18¢3 52,

ds : = —54&"0003 — 4Zb4ﬂ5nrooclc2 + 660b4,6’57"000 C%Cg + 216b2,86nr000162 — 56b2,85nrgoc?c§’
— 14b2ﬁ5’l“006?0203 — 240b 657‘0001032) + 2041)4557"0063103 7b2557"000102,
dg : = *17286%6[)480 + 216031)61“00 — 17280%()27“0001 — 3564c3b47"0002 + 97926§betab28002

+ 1344c¢3Bsocy + 9018c3b’roocs + 3024c3rgocico — 8512¢3Bs0c3 — 4641700c3 172886503
+ 5184¢3brogct + 3564c3b0ro0co — 29376¢3 Bbtsgca — 1209663 Bb%sgcy + T6608¢3 8b%s0c3
+ 21888636806162 — 2705463[)47‘0062 27216C3b27‘006102 — 1944037°0061 + 21708637“000162
— 406400363002 + 41769031) 1"0062 — 146617“0002 + 27b663n80 — 459p* czc3n80 — 1890313201
+ 1197b2c203n80 + 342c3c1c9 — 6350230 + 3603b nrog — 3v? c3rp0 — 105nco + 2¢ar0p.-
(3.3) implies that
dgo + dyo® +dy = 0,
dsa® +dy = 0.
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It follows from (3.5) that
rij = 0. (3.6)
By putting (3.6) into (3.4) and simplifying the result, we have
n(x,y)so = 0. (3.7)

where
n(x,y) : = (17283b°¢5 — 29376¢3 Bb* co — 12096¢3 Bb% ¢y + T6608¢2 %3 + 21888¢3Beyico
— 40640c38¢5 — 153b%cacs — 21cie3 + 27b%c3 + 133¢3 + 27b8c3n — 459 cacin
— 189¢2b%c1 + 1197b%3esn + 342¢3¢1co — 635¢3)at + (518%¢3¢0 — 276% 30>
— 12c§b4ﬁ2 + 360§b4n52 — 36c3nc1 52 — 420c3b%nea B2 4+ 4T cacs B2 — 24c¢sc1 52
+ 555nc3 8% — 18c3 B2 + 17288b%c — 293763 bt ey — 1209663 Bb% ¢y + T6¢36b ¢
+ 21888¢3 Berca — 40640c38¢3 — 49248c3b%crcan — 2880c3cin — 57456¢5b*cin
+ 9072c3b ein + 91440¢3b>cin + 7344c3b%con — 33085¢3n + 40632¢3¢1 c3n)a’
+ 9843 — 48¢38*n.
By (3.7), it is obvious that n = 0 or s; = 0. Let n(x,y) = 0. One can rewrite 7 = 0 as follows
Bt +~va?B? +ep* =0, (3.8)

where 6 = 0(z,y), v = v(z,y) and € = (x, y) are functions on 7M. (3.8) implies that
—y £ /7% — 466
o = (=% )82, (3.9)

This contradicts with the positive-definiteness of a. Thus 1 # 0 and s; = 0. U

Proof of Theorem 1.1: In [11] Najafi-Tayebi demonstrated that every weakly Landsberg («, 3)-metric
with vanishing S-curvature on a manifold M of dimension n > 3 is a Berwald metric. By Theorem 1.1,
every weakly Landsberg 5-th root metric on an n(> 3)-dimensional M is a Berwald metric. We consider
the class 4-th («, §)-metrics of dimension n = 2. We know that Every 2-dimensional Finsler manifold is
C-reducible

1
Cijt = §{hith + hjel; + htin}- (3.10)
Taking a horizontal derivation of (3.10) yields
1
Lijy = g{hijjt + hjeJi + htz'Jj}- (3.11)

By placing J = 0 in (3.11), we have L = 0. In other words, the Berwald curvature 2-dimensional Finsler
manifold is written as follows
A 92 9 A . ,
By = = Linal' + Z{ Ejuhi + Euahi + Byshi |- (3.12)

By placing L =0 and E = 0 in (3.12), we conclude that F' is a Berwald metric. The proof is complete. [J
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